This may be established by integration of the correct function, invoking the spectral theorem for self-adjoint operators.
A mnre accessible argument for those not acquainted with the mysteries of spectral measures may be found in Ll,p-.3171.
While square roots and their iterates seem to provide a sufficient analytic tool for most purposes, it is also a (folk) theorem that positive operators possess unique positive irt-h-roots for every positive integer n. As iii the n 2 case, existence follows from an application of the ,spectral theorem; however, we give an argument in the spirit of L11. The purpose in so doing is not to exercise the reader's knowledge of induction, but rather to illustrate another use of the Law of the Mean as a motivational instrument.
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REPRODUCIBILITY OF THi ORIGINAL PAGE IS
Let I be the identity operator on 11, and let B(H) denote the set, of bounded operators on 11. We will need the following properties of positive operators:
(1) the relation on positive operators defined b_ A 5 B if and only i,f B -A is positive, is reflexive, transitive, and consistent with the notation vQ < A for any positive A; moreover, this relation is preserved by operator addition and positive real scalar multiplication, and reversed by negative scalar multiplication.
(2) If A and B are positive and if AB BA, then AB is positive,
If 0 5 A I, then 0 5 -A < I.
(4) If 0 5 A, then A 11AIII, so that (IIAII) lA < I, if A x 0.
(5) If 0 ^ A I, then A n < A for all positive integers n.
We also require;
Lemma. If {S ) is a sequence in BOO such that 0 <_ S Then there exists a unique positive oPerator 13 such that B k = A.
Proof: By (4) above, we need only consider the case in which A Z.
3.
REPRODUCIBILITY OF THE ORIGINAL PAGE IS POOR
We first prove the existence of B.. Since the theorem is a tautology for all operators when k 1, we assume the existence of positive The following chain of equalities is easily calculated: By application of remarks(2), (3) and (S), the assumption of existence of (k-l)st roots, and the inductive hypothesis S n-1 Sn' the latter operator product exists and is positive. Hence S n -_Sn+l'' and the sequence {S n } is increasing. Of course, the Law of the Mean is not applicable in this setting, nor is it used other than to motivate the choice of C. Indeed, the discerning reader will note that the extremes of the chain above. may be shown to be equal without the introduction of C. However, the rather unusual factorization of S n+1
S would be more difficult-to discover without the example REPRODUCIBILI TY OF THE ORIGINAL PAGE IS POOR. 
